The capillary pressure model proposed empirically by Brooks and Corey has been used widely for several decades. However it is not clear why the Brooks-Corey capillary pressure model works so well. In this study, it has been found that the empirical Brooks-Corey capillary pressure model can be derived theoretically from fractal modeling of porous media. Also found was the correlation between the pore size distribution index in the Brooks-Corey capillary pressure model and the fractal dimension. The pore size distribution index increases with the decrease in fractal dimension of the porous media. Capillary pressure curves of different types of rock samples were measured using a mercury intrusion technique. The values of pore size distribution index and fractal dimension were calculated. The relationship between the two parameters obtained from the experimental data was consistent with the relationship derived theoretically. This implies that the fractal dimension of porous media may be inferred directly using the Brooks-Corey capillary pressure model instead of the fractal model. The theoretical development in this study demonstrates that the Brooks-Corey capillary pressure model, once considered as empirical, has a solid theoretical base. This may be why the Brooks-Corey capillary pressure model works satisfactorily in many cases.
Introduction
Capillary pressure plays an important role in many recovery processes. It is essential to represent capillary pressure curves properly. The frequently-used model to express a capillary pressure curve mathematically is the Brooks-Corey capillary pressure model 1 . Brooks and Corey 1 conducted analysis for the capillary pressure curves of a large number of consolidated core samples. The capillary pressure curves were measured using a desorption approach. Brooks and Corey 1 found that the relationship between the capillary pressure and the normalized or effective wetting-phase saturation was a straight line on a log-log plot. The mathematical expression of this relationship was known as the Brooks-Corey capillary pressure model later. Residual wetting-phase saturation must be known or assumed to calculate the normalized or effective wetting-phase saturation. In the analysis by Brooks and Corey 1 , the residual wetting-phase saturation was chosen such that the data fit as closely as possible to a straight line when plotted on log-log paper.
The Brooks-Corey capillary pressure model works satisfactorily in many cases and has been utilized widely for several decades in petroleum and other industries [2] [3] [4] [5] [6] [7] . However it is not clear why the Brooks-Corey capillary pressure model works so well. Note that the capillary pressure model was proposed empirically by Brooks and Corey 1 . Many researchers [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] have studied the fractal nature of reservoir rocks and other porous media in the past two decades. It has been found that most natural porous media such as reservoir rock are fractals and can be characterized using a fractal model or a fractal curve which represents the relationship between the number of pores and the radius of pores. Such a fractal curve is a straight line on a log-log plot and the slope of the straight line is referred to as the fractal dimension of the porous media. The magnitude of fractal dimension is a representation of the heterogeneity of the porous medium. The greater the fractal dimension, the greater the heterogeneity of the porous media. Note that the pore size distribution index in the Brooks-Corey capillary pressure model is also a representation of the heterogeneity of porous media. The greater the pore size distribution index, the more homogeneous the porous medium.
Attention has also been paid to the application of fractal modeling of porous media in reservoir engineering. The applications include the development of relative permeability models, capillary pressure models, and the models to predict oil production rate, etc. The author reviewed the literature in this area in a previous paper 18 . The review shows that the fractal modeling of porous media is a powerful tool to characterize the heterogeneity of porous media and to study fluid flow mechanisms.
In this study, we conducted a theoretical development based on the fractal geometry to derive the Brooks-Corey capillary pressure model. Capillary pressure curves of Berea, chalk, and reservoir sandstone were measured using a mercury intrusion technique to infer the fractal dimension. The values of fractal dimension were calculated using the fractal model and the Brooks-Corey capillary pressure model respectively and the results were compared.
Methodology
In this section, the Brooks-Corey capillary pressure model is derived theoretically using the results from fractal modeling.
Previously the author 18 obtained a relationship between the derivative of mercury (nonwetting phase) saturation and the capillary pressure using the theory of fractal geometry. The relationship is expressed as follows:
where a is a constant, S Hg is the mercury (nonwetting phase) saturation, P c is the capillary pressure, and D f is the fractal dimension of the porous media.
As pointed out by the author 18 , if a three-dimensional pore model, instead of a two-dimensional capillary tube model, were used to calculate the number of pores in porous media, the following equation can be obtained:
Eq. 2 was also derived by Friesen and Mikula 9 using a different approach. Eq. 2 can be represented as a more general form in terms of the nonwetting phase saturation:
where S nw is the saturation of the nonwetting phase. Assuming that P c approaches to p e when S nw = 0, integrate Eq. 3:
where S w is the saturation of the wetting phase and p e is the entry capillary pressure.
According to Eq. 4, one can obtain:
where b is another constant. Assuming that P c approaches infinity when S nw = 1-S wr , one can obtain according to Eq. 5:
where S wr is the residual saturation of the wetting phase.
It is assumed that fractal dimension D f is less than 3 in deriving Eq. 6 from Eq. 5.
Combining Eqs. 5 and 6:
Reducing Eq. 7, one can obtain:
here is the normalized saturation of the wetting phase and is expressed as follows: One can see from the previous derivation of Eq. 8 that the Brooks-Corey capillary pressure model has a solid theoretical base. This may explain why this model has been found to be suitable for many types of rock, including reservoir and artificial core samples.
The theoretical model showed that the pore size distribution index increases with the decrease in fractal dimension (λ = 3 -D f ). This is reasonable because porous media with greater heterogeneity have smaller values of pore size distribution index.
Note that the assumptions to derive Eq. 8 are: (1) fractal dimension D f is less than 3; (2) P c approaches infinity when S nw = 1-S wr . The two assumptions are also the constraints to use the Brooks-Corey capillary pressure model. Eq. 8 foresees that the relationship between the capillary pressure and the normalized saturation of the wetting phase is linear on a log-log plot. This is true in many cases. However the accurate estimation of the residual wetting-phase saturation (S wr ) is important to obtain such a straight line from the capillary pressure data measured by a mercury intrusion approach. Overestimation and underestimation of the residual wetting-phase saturation may change the linear relationship on a log-log plot. This will be discussed later in more detail.
Experimental Measurements
Capillary pressure curves of different rock samples (Berea sandstone, chalk, and sandstone from an oil field) were measured using a mercury intrusion approach to obtain the fractal dimension.
The porosity of the Berea sandstone sample was about 23.0% and the air permeability was about 804 md. The Berea sandstone sample used in this study was the same as that used by Li and Horne 17 . The porosity of the chalk sample was about 29.3% and the air permeability was about 0.17 md. The porosity of the reservoir sandstone sample was about 27.1% and the air permeability was about 2131 md.
The surface tension of air/mercury is 480 mN/m and the contact angle through the mercury phase is 140 o according to the results reported by Purcell 21 .
Results
Fractal dimension of porous media can be inferred from the capillary pressure curves using two methods (Eqs. 3 and 8) respectively. The values of fractal dimension calculated using Eq. 3 should be equal to those calculated using Eq. 8. To verify this, both theoretical and experimental capillary pressure curves were used in this study. The results are presented and analyzed in this section. Also discussed is the effect of the estimated residual wetting-phase saturation on the shape of the normalized capillary pressure curves. Theoretical capillary pressure curves were calculated using different values of pore size distribution index, λ, to demonstrate the relationship between the fractal dimension and λ. Fig. 1 shows the capillary pressure curves calculated using the Brooks-Corey model (Eq. 8) with different values of λ. For simplicity, the residual wetting-phase saturation was fixed at 20% and the entry capillary pressure was fixed at 0.4 atm for all of the capillary pressure curves shown in Fig. 1 . The values of λ ranged from 0.3 to 1.9. Fractal dimension can be inferred from the values of λ (D f = 3 -λ).
The normalized wetting-phase saturations were calculated according to Eq. 9 and the relationships between capillary pressure and the normalized wetting-phase saturation were shown in Fig. 2 . All of the relationships are straight lines as expected.
According to Eq. 3, the fractal dimension can be calculated once the relationship between capillary pressure and nonwetting-phase saturation gradient to the capillary pressure (dS nw /dP c ) is known. The values of dS nw /dP c were calculated using the capillary pressure data shown in Fig. 1 . The curves representing the relationship between dS nw /dP c and capillary pressure are shown in Fig. 3 . All of the correlations are linear as foreseen in Eq. 3. The values of fractal dimension were calculated using Eq. 3 and were also inferred from the values of λ (D f = 3 -λ). The results were compared and are listed in Table 1 . One can see from Table 1 that the values of the fractal dimension inferred from the relationship between dS nw /dP c and capillary pressure (using Eq. 3) are very close to those calculated from the value of λ (D f = 3 -λ).
To further demonstrate the relationship between the fractal dimension and the pore size distribution index, experimental capillary pressure curves were used. Fig. 4 shows the capillary pressure curves measured by using a mercury intrusion technique for different rock samples (Berea sandstone, chalk, and reservoir sandstone). The capillary pressure curves are different because the rock type and properties are different. Fig. 5 shows the corresponding normalized capillary pressure curves. Straight lines were obtained on a log-log plot. The values of the pore size distribution index were then calculated using Eq. 8 and the results are listed in Table 2 . The values of fractal dimension were also determined from the values of λ (D f = 3 -λ).
Fractal dimension can also be computed using the fractal model (Eq. 3) from the relationship between dS nw /dP c and capillary pressure. Fig. 6 shows the correlations between dS nw /dP c and capillary pressure of the three different rock samples. The values of the fractal dimension calculated using the data shown in Fig. 6 are listed in Table 2 and were compared with those inferred from the values of λ. One can see from Table 2 that the values of the fractal dimension calculated using the two methods are almost the same for the core samples studied.
The previous calculations based on both the theoretical and experimental capillary pressure curves demonstrate that the fractal dimension may be inferred directly using the BrooksCorey capillary pressure model instead of using the relationship between dS nw /dP c and capillary pressure in many cases. One advantage to determine the fractal dimension from the Brooks-Corey capillary pressure model is that there is no need to calculate dS nw /dP c .
As mentioned previously, accuracy in estimating the residual wetting-phase saturation is essential to obtain the linear relationship between the capillary pressure and the normalized wetting-phase saturation. Fig. 7 shows the effect of overestimation and underestimation of the residual wettingphase saturation on the normalized capillary pressure curves for λ=1.9. The true value of the residual wetting-phase saturation was 20% in Fig. 7 . The values of the normalized wetting-phase saturation were calculated using Eq. 9 with different values of the residual wetting-phase saturation (see the numbers close to each curve in Fig. 7) . One can see that the normalized capillary pressure curve is linear only when the estimated value of the residual wetting-phase saturation is equal to the true value (20%). The normalized capillary pressure curve is concave to the axis of the normalized wetting-phase saturation if the residual wetting-phase saturation is overestimated. Otherwise the normalized capillary pressure curve is convex to the axis of the normalized wetting-phase saturation. One can see from Fig. 7 that the effect of the residual wetting-phase saturation on the shape of the normalized capillary pressure curves is significant. Fig. 8 also shows the effect of the estimated residual wetting-phase saturation on the shape of the normalized capillary pressure curves for λ=0.3. The phenomenon is similar to that shown in Fig. 7 . However the effect of the estimated residual wetting-phase saturation on the normalized capillary pressure curves is more significant in the case with smaller value of λ than in the case with greater value of λ.
According to the results shown in Figs. 7 and 8, one can see that it is important to estimate the residual wetting-phase saturation accurately. Usually the true value of the residual wetting-phase saturation is smaller than the wetting-phase saturation at the maximum intrusion pressure during the mercury intrusion test. Brooks and Corey 1 used the "trial and error" technique to choose the residual wetting-phase saturation. In this study, the solver function of Microsoft Excel was used to estimate the residual wetting-phase saturation.
Note that if the normalized capillary pressure curve is concave to the axis of the normalized wetting-phase saturation, it does not always imply that the residual wetting-phase saturation is overestimated. For example, Li and Horne 17 found that the capillary pressure curves of the rock from The Geysers geothermal field are concave to the axis of the normalized wetting-phase saturation. This is not brought about by the overestimation of the residual wetting-phase saturation because the normalized capillary pressure curves are still concave to the axis of the normalized wetting-phase saturation even if the residual wetting-phase saturation is set to zero.
Discussion
Although a theoretical basis of the Brooks-Corey capillary pressure model has been found, it does not imply that the model can apply in all cases without constraints. As mentioned previously, there are two known constraints to use the Brooks-Corey capillary pressure model. One of the constraints is that P c approaches infinity when S nw = 1-S wr . This may not be true in the case of imbibition capillary pressure curve. Sinnokrot 22 reported such an example. Sinnokrot 22 measured the oil-water capillary pressures of different rocks (limestones and sandstones) at different temperatures and found that the Brooks-Corey capillary pressure model could model the drainage oil-water capillary pressure curves but not the imbibition ones. For this reason, Li and Horne 23 proposed an empirical capillary pressure model for the imbibition case.
Another constraint to apply the Brooks-Corey capillary pressure model is that the fractal dimension D f is less than 3 (less than 2 if the capillary tube model is used in the fractal modeling of the porous media). However the fractal dimension of the porous media with great heterogeneity may be greater than this value. For example, Li and Horne 17 found that the capillary pressure curves of the rock (with high density microfractures) from The Geysers geothermal field could not be represented using the Brooks-Corey capillary pressure model (although it could still be represented by a fractal model).
Conclusions
Based on the present work, the following conclusions may be drawn: 1. The Brooks-Corey capillary pressure model can be derived theoretically based on fractal modeling of porous media. This shows that the Brooks-Corey capillary pressure model, once considered as empirical, has a solid theoretical basis. 2. The pore size distribution index (λ) in the Brooks-Corey capillary pressure model increases with the decrease in fractal dimension (D f ) of the porous medium. 3. The fractal dimension of a porous medium may be inferred directly using the Brooks-Corey capillary pressure model instead of the fractal model in many cases. 4. Underestimation of the residual wetting-phase saturation may change the shape of the normalized capillary pressure curve from linear to nonlinear (convex to the axis of the normalized wetting-phase saturation) on a loglog plot. 5. Overestimation of the residual wetting-phase saturation may also change the shape of the normalized capillary pressure curve from linear to nonlinear (concave to the axis of the normalized wetting-phase saturation) on a loglog plot. 1.E-01 1.E+00 1.E-04
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